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Abstract
If G is a graph, a k-role assignment is a function mapping each vertex into a role, a positive
integer 1; 2; : : : ; k, so that if x and y have the same role, then the sets of roles assigned to their
neighbors are the same. A graph is called a triangulated graph if it contains no chord-less cycle
of four or more vertices. One interesting type of triangulated graph is the indi!erence graph, that
is a graph for which we can 0nd a function on its vertex set so that if x and y are adjacent, then
their assigned function values are close. We study 2-role assignments for triangulated graphs.
We provide a “greedy” algorithm for 0nding a 2-role assignment on a connected, non-bipartite
triangulated graph with at most one pendant vertex. We characterize indi6erence graphs that
have a 2-role assignment.
c© 2003 Elsevier B.V. All rights reserved.
1. Introduction
Role assignments, introduced by Everett and Borgatti [2], who called them role
colorings, formalize the idea that individuals of the same social role will relate in the
same way to the individuals playing counterpart roles. We de0ne this idea precisely
below. Because role assignments and indi6erence graphs are two di6erent kinds of
models of social role, role assignments for indi6erence graphs are a natural topic for
study, and this connection has been studied in [14,15]. Here, we study role assignments
both for indi6erence graphs and for the more general class of triangulated graphs, in
particular for the case where there are two social roles.
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Fig. 1. A role assignment.
All graphs in the paper are simple graphs without loops or parallel edges unless
speci0ed otherwise. Let G=(V; E) be a graph with the vertex set V and the edge set
E. An edge with end vertices u and v is denoted by uv. For S ⊆V , G(S) denotes the
subgraph induced by S. For v∈V , the (open) neighborhood NG(v)=N (v) of vertex v
in the graph G is the set of all vertices adjacent to v in G; the degree deg(v) of v in the
graph G is |N (v)|, the number of vertices adjacent to v in G. We will denote by (G)
the minimum degree of a vertex over all the vertices of G. For all graph-theoretical
terminology that is not de0ned in this paper, see [13].
Suppose G=(V; E) is a graph. Let r : V →Z , where Z is the set of positive integers.
For S ⊆V , denote r(S)= {r(x): x∈ S}. We say that the function r de0nes a role
assignment if
r(x) = r(y)⇒ r(N (x)) = r(N (y)): (1)
This is the de0nition introduced by Everett and Borgatti [2]. It was formalized earlier
in the language of graph homomorphisms by White and Reitz [20] and Sailer [19].
The terms “regular equivalence” and “regular coloration” are also used for the same
concept. For survey articles on the topic, see Everett and Borgatti [3] and Roberts and
Sheng [17]. We say r is a k-role assignment if it is a role assignment and it uses
exactly the integers 1; 2; : : : ; k. For convenience, we identify role assignments which
di6er only by a permutation of roles. The graph of Fig. 1 shows a role assignment.
Note for example that r(N (b))= r(N (c))= r(N (d))= {1; 2; 3}. We say that G is k-
role assignable if it has a k-role assignment. One of the issues in the study of role
assignments has been to determine which graphs are k-role assignable for given k.
Every graph with n¿1 vertices and no isolated vertices is k-role assignable for k =1
and n. The 2-role assignable graphs are the 0rst interesting class of graphs. Given a
k-role assignment, we can build a corresponding role graph by letting the vertices be
the integers 1; 2; : : : ; k and taking an edge between i and j if and only if some vertex
of role i is adjacent to some vertex of role j. If k =2, there are six possible unlabeled
role graphs, R1 through R6 of Fig. 2. In what follows, we will always assume by
symmetry that in role graph Ri, the left vertex in Fig. 2 is 1.
It is easy to check, for i=1, 2, 3, or 4, whether or not a graph has a 2-role
assignment with role graph Ri.
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Fig. 2. The possible role graphs arising from 2-role assignments.
Roberts and Sheng [16] showed that the problems of determining if a graph G has a
2-role assignment with role graph R5 or R6 are NP-complete, and that the problem of
determining if a graph G has a 2-role assignment is also NP-complete. Thus in general
it is hard to see if a given graph G is 2-role assignable. However, it is not hard to
see this for some special graphs. For example, a bipartite graph will always be 2-role
assignable with role graph R1 or R2 if it has isolated vertices, and with role graph R4
if it has no isolated vertices. Here we are interested in which non-bipartite indi6erence
graphs are 2-role assignable and more generally, which non-bipartite triangulated graphs
are 2-role assignable. A graph G=(V; E) is triangulated if every cycle of length at
least 4 possesses a chord, that is an edge joining two nonconsecutive vertices of the
cycle. A graph G=(V; E) is called an indi!erence graph by Roberts [9] if there exists
a function f : V →R, such that for all x; y∈V and for some 0xed positive number ,
{x; y} ∈ E ⇔ |f(x)− f(y)|6 : (2)
Indi6erence graphs have been widely studied; see many references in Fishburn [4] and
Roberts [12]. Section 2 studies triangulated graphs and introduces a greedy algorithm
for 0nding a 2-role assignment for such a graph. Section 3 characterizes the 2-role
assignable indi6erence graphs. Section 4 summarizes open problems.
Let r : V →{1; 2; : : : ; k}, let W ⊆V and S ⊆{1; 2; : : : ; k}. We sometimes refer to this
set of roles S as a role-set. For convenience, we use iFj on W to mean that every
vertex of W of role i is forced to be adjacent to some vertex of W of role j; and iNj
on W to mean that a vertex of W of role i cannot be adjacent to any vertex of W of
role j. Furthermore, we use iFS and iNS to mean that iFj and iNj respectively, for
any j∈ S.
2. Greedy algorithm for 2-role assignments on triangulated graphs
It is easy to see that any induced subgraph of a triangulated graph is still triangulated.
A vertex x is called a simplicial vertex of G if N (x) induces a complete subgraph of G,
i.e., N (x) is a clique (not necessary maximal). An ordering of vertices = [v1; v2; : : : ; vn]
is referred to as an perfect vertex elimination scheme (or perfect scheme) if each vk
is a simplicial vertex of the induced subgraph G({vk ; vk+1; : : : ; vn}). Dirac [1], and
later Lekkerkerker and Boland [7], proved that a triangulated graph, with two or more
vertices always has at least two simplicial vertices.
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Theorem 2.1 (Dirac [1]). Every triangulated graph G=(V; E) has a simplicial vertex.
Moreover, if G is not a clique, then it has two nonadjacent simplicial
vertices.
Based on this and the hereditary property, Fulkerson and Gross [5] suggested the
following algorithmic characterization for triangulated graphs.
Theorem 2.2 (Fulkerson and Gross [5]). A graph G is triangulated if and only if G
has a perfect vertex elimination scheme. Moreover, any simplicial vertex can start a
perfect scheme.
Leuker [8] and Rose and Tarjan [18] gave a linear-time algorithm for recognizing
triangulated graphs.
Let = [v1; v2; : : : ; vn] be an ordering on the vertices of G. We will denote Nk(vk)=
N (vk)∩{vk+1; : : : ; vn}, the set of vertices following vk in the order  that are adjacent
to vk . We start with a greedy algorithm to make an assignment r : V →{1; 2} on a
graph G=(V; E) with n¿2 vertices.
Greedy Algorithm
begin
1. Let = [v1; v2; : : : ; vn] be an ordering on the vertices of G; assign r(vn)= 1.
2. For i← n− 1 to 1 step −1 do assign
r(vk) =


2 if 1 ∈ r(Nk(vk)) or |Nk(vk)| = 1 and 2 =∈ r(Nl(vl))
for the single vertex vl ∈ Nk(vk);
1 otherwise:
end
Note that the algorithm halts.
Lemma 2.3. Let G=(V; E) be any graph with a vertex ordering = [v1; v2; : : : ; vn], let
r : V →{1; 2} be an assignment such that r(vk)= 2 if 1∈ r(Nk(vk)) for all k ∈ [1; n−1].
Then,
(1) 1N1 and
(2) 1F2 if G has no isolated vertices.
Proof. (1) Suppose not, that is there exist a pair of vertices vi and vj such that
i¡j; r(vi)= r(vj)= 1 and vivj ∈E. Since i¡j, we have that 1= r(vj)∈ r(Ni(vi)) and
so r(vi)= 2, a contradiction.
(2) Let x be a vertex of role 1. Then xy∈E for some vertex y = x since G has
no isolated vertices. But since 1N1 by part (1) of this lemma, we must have that
r(y)= 2.
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Lemma 2.4. Let G=(V; E) be a connected triangulated graph and let r : V →{1; 2}
be the assignment obtained by using the Greedy Algorithm with = [v1; v2; : : : ; vn]
being a perfect scheme for G. Then
(1) vk will always be adjacent to some vertex following it in , i.e., |Nk(vk)|¿1
for all k ∈ [1; n− 1] and
(2) 2F{1; 2} if deg(vk)¿2 for all k ∈ [1; n− 1].
Proof. (1) Suppose on the contrary that Nk(vk)= ∅ for some k ∈ [1; n − 1]. By the
connectivity of G, we can assume P= vk ; vi1 ; vi2 ; : : : ; vit ; vl is a shortest path between vk
and vl for some l¿k. Note that i1¡k and t¿1 since Nk(vk)= ∅. We must have i1¿i2
for otherwise, by that k¿i1¡i2, we have that both k and i2 are in the set Ni1 (vi1 ).
Then, since the de0nition of the perfect scheme implies that Ni1 (vi1 ) is a clique, we
would have vkvi2 ∈E. This implies that P′= vk ; vi2 ; : : : ; vl is a shorter path between vk
and vl, a contradiction. Similarly, we must have that k¿i1¿i2¿ · · ·¿it¿l, and so
k¿l. But this contradicts l¿k.
(2) Let r(vk)= 2. Then by the algorithm k ∈ [1; n−1] and so |Nk(vk)|¿1 by part (1)
of this lemma. If |Nk(vk)|¿2, then 1∈ r(Nk(vk)) for otherwise, we would have that
r(vk)= 1 by the algorithm, a contradiction. Now since 1N1 from part (1) of Lemma 2.3,
we must also have 2∈ r(Nk(vk)) since |Nk(vk)|¿2, and so vk is always adjacent to a
vertex of role 1 and a vertex of role 2. Therefore, we can assume that |Nk(vk)|=1.
Let vl be the single vertex in Nk(vk), i.e., vl is the only vertex following vk in  that is
adjacent to vk . Since deg(vk)¿2, vk must be adjacent to some vertex preceding vk in
this perfect scheme . Let vj be the last vertex preceding vk that is adjacent to vk . Then,
vj will not be adjacent to any vertex vh with h∈ (j; k), for otherwise, since Nj(vj) is
a clique we would have that vhvk ∈E, which contradicts choice of vj. For the same
reason and since Nk(vk)= {vl}, we know that vj will not be adjacent to any vertex
following vk other than vl. So, Nj(vj)⊆{vk ; vl}, and thus either Nj(vj)= {vk ; vl}, or
Nj(vj)= {vk}. Therefore using the algorithm and r(vk)= 2, we will have that r(vj)= 2
if and only if r(vl)= 1. This implies that vk is always adjacent to a vertex of role 1
and a vertex of role 2, and the conclusion follows.
A vertex v of graph G is called a pendant vertex if deg(v)= 1.
Theorem 2.5. Let G=(V; E) be a triangulated graph with at most one pendant vertex
and no isolated vertices. Then G is 2-role assignable with role graph R5.
Proof. Without loss of generality, we can assume that G is connected for otherwise,
we just need to show that each connected component of G is 2-role assignable with role
graph R5. Since by Theorem 2.1 there are two simplicial vertices in any triangulated
graph with at least two vertices, it is always possible to pick our perfect scheme
= [v1; v2; : : : ; vn] such that vn is the pendant vertex, if any, of G; and so deg(vk)¿2
for all k ∈ [1; n−1]. Let r : V →{1; 2} be the assignment obtained by using the Greedy
Algorithm with the vertex ordering  being the perfect scheme of G we have picked.
Using Lemmas 2.3 and 2.4, we know that 1N1, 1F2 and 2F{1; 2}. Thus r is a 2-role
assignment with role graph R5.
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Fig. 3. A w-fan graph together with its conventional labeling of vertices.
Corollary 2.6. Let G=(V; E) be a triangulated graph with n¿2 vertices. Then G is
2-role assignable if G has at most one pendant vertex.
Proof. It is easy to see that G will always be 2-role assignable if G is not a connected
graph. If G is connected, since G has at most one pendant vertex, it follows from
Theorem 2.5 that G is 2-role assignable.
Corollary 2.7. Let G=(V; E) be a connected, non-bipartite, triangulated graph with
some pendant vertex. Then G is 2-role assignable if and only if G is 2-role assignable
with role graph R5.
Proof. Since G has no isolated vertex, G will not be 2-role assignable with role graph
R1 through R3. G is not 2-role assignable with role graph R4 since it is not bipartite,
and G is not 2-role assignable with role graph R6 since it has a pendant vertex. The
conclusion follows immediately.
Assume now that G=(V; E) be a connected triangulated graph with more than one
pendant vertex, and that G is not a bipartite graph. G might be 2-role assignable, but
not every such graph is 2-role assignable. Roberts and Sheng [15] introduced a special
kind of graph called a w-fan graph, denoted by Gp;q;w, and given in Fig. 3.
Lemma 2.8. Gp;q;2 is not 2-role assignable if and only if p¿0; q¿0 and
p≡ 0 (mod 3), q≡ 0 (mod 3).
Using Lemma 2.8, one can see that the graph G3;2;2 is 2-role assignable while G3;3;2
is not 2-role assignable.
We have not been able to characterize when a connected, non-bipartite triangulated
graph with two or more pendant vertices is 2-role assignable by role graph R5.
3. Characterizing 2-role assignable indi'erence graphs
It is well known that indi6erence graphs are triangulated graphs. A vertex ordering
= [v1; v2; : : : ; vn] is compatible with G if whenever i6j¡k6l and there is an edge
in G between i and l, then there is an edge in G between j and k. Roberts [11] proves
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that a graph is an indi6erence graph if and only if it has a compatible order on its
vertex set.
Let r be a function de0ned on set V and let S ⊆V . We denote by r|S the function r
restricted to the set S. We say the function r restricted to S is the same as a function
r1, denoted by r|S = r1, if r(x)= r1(x) for any x∈ S. For convenience, we will denote
X[i;j] = {xi; xi+1; : : : ; xj}
and
A[i;j] = {ai; ai+1; : : : ; aj}:
Lemma 3.1. Let G=(V; E) be a connected indi!erence graph with = [a1; a2; : : : ; an]
being a compatible vertex ordering for G. Then the reversed order of  is still a
compatible order for G and,
(1) aiai+1 ∈E for all i∈ [1; n− 1];
(2) a1 and an are the only possible pendant vertices for G;
(3) let 16i16i26 · · ·6ij6n. Then the induced subgraph G′=G({ai1 ; ai2 ; : : : ; aij}) is
an indi!erence graph with ′= [i1; i2; : : : ; ij] being a compatible vertex ordering
for G′. Moreover, G′ is connected if i1; i2; : : : ; ij are consecutive numbers.
A cut vertex in a connected graph is a vertex whose removal disconnects the graph.
Notice that a graph without cut vertices will have (G)¿2. We have the following
theorems.
Theorem 3.2 (Roberts [14]). Every connected indi!erence graph without cut vertices
and at least two vertices is 2-role assignable.
Theorem 3.3. Let G=(V; E) be a connected indi!erence graph with n¿3 vertices,
and let = [x1; x2; : : : ; xn] be a compatible ordering of G.
(1) G is always 2-role assignable with role graph R5 if G has at most one pendant
vertex.
(2) If G is a simple path, G is always 2-role assignable with role graph R4; and G
is 2-role assignable with role graph R5 if and only if n− 1≡ 0 (mod 3).
(3) If G has two or more pendant vertices and G is not a simple path, then G is
2-role assignable if and only if G is 2-role assignable with role graph R5.
Proof. Notice that for a connected indi6erence graph G, G is bipartite if and only if
G is a simple path. So (1) and (3) can be obtained directly from Theorem 2.5 and
Corollary 2.7.
(2) A simple path is a connected bipartite graph, thus always 2-role assignable with
role graph R4; it is routine to check that a simple path of length n − 1 is 2-role
assignable with role graph R5 if and only if n− 1≡ 0 (mod 3).
A connected indi6erence graph that is not a simple path, with two or more pendant
vertices, could be 2-role assignable, however not every such graph is 2-role assignable.
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Notice 0rst that the 2-fan graph Gp;q;2 is an indi6erence graph, for it has a compatible
ordering = [x1; : : : ; xp+1; a0; yq+1; : : : ; y1]. By Lemma 2.8, G3;2;2 is such a graph that
is 2-role assignable, while G3;3;2 is such a graph that is not 2-role assignable.
We will now concentrate our e6orts on characterizing when a connected indi6er-
ence graph, which is not a simple path, with two or more pendant vertices, is 2-role
assignable.
Lemma 3.4. For any graph G=(V; E), let S ⊆V and x; y∈V − S with G(S ∪{x; y})
being a simple path between x and y. Let r be a 2-role assignment of G(V − S)
with role graph R5. If for any vertex u∈V − S with r(u)= 1, u is not adjacent to
any vertex in S, then r can be extended to be a 2-role assignment of G with role
graph R5.
Proof. Let S = {x1; x2; : : : ; xm}, and the simple path G(S ∪{x; y})= x; x1; : : : ; xm; y. It
is easy to see that r(x)= r(y)= 2. The result is trivial if m=0. Assume m¿0. If
m − 1≡ 0 (mod 3), then m¿1. We can extend the assignment r by repeatedly us-
ing role sequence 1221221 : : : for x1; x2; : : : ; xm. If m − 1≡ 1 (mod 3), then m¿2. We
can extend the assignment r by letting r(xm)= 2 and repeatedly using role sequence
1221221 : : : for x1; x2; : : : ; xm−1. If m−1≡ 2 (mod 3), then m¿3. We can extend the as-
signment r by letting r(x1)= r(xm)= 2 and repeatedly using role sequence 1221221 : : :
for x2; : : : ; xm−1.
Lemma 3.5. For any graph G=(V; E) and m¿0, let G({x; x1; : : : ; xm; y}) be a simple
path, x; x1; : : : ; xm; y. Let r be a 2-role assignment of G(V −{x1; x2; : : : ; xm}) with role
graph R5. Suppose that for any vertex u∈V −{x; x1; : : : ; xm; y} with r(u)= 1, u is not
adjacent to any vertex in {x1; : : : ; xm}; and
(1) r(x)= 2; r(y)= 1, xm is adjacent to some other neighbor of y, or
(2) r(x)= 1; r(y)= 1, x1 is adjacent to some other neighbor of x and xm is adjacent
to some other neighbor of y.
Then r can be extended to be a 2-role assignment of G with role graph R5.
Proof. Assume (1): Let S = {x1; x2; : : : ; xm−1}. Then G(S ∪{x; xm}) is still a simple
path and r is de0ned on the set V − S − {xm}. Assign r(xm)= 2. Then 2F{1; 2} is
satis0ed on xm since xm is adjacent to y with r(y)= 1, and some neighbor of y with
role 2. So r is a 2-role assignment of G(V−S) with role graph R5 with r(x)= r(xm)= 2.
Use Lemma 3.4 with y= xm, we are done.
Assume (2): Let S = {x2; x3; : : : ; xm−1}. Since r(x)= r(y)= 1, we must have r(x1)=
r(xm)= 2. Then by (2), r satis0es the hypotheses of Lemma 3.4 with this S and with
x= x1; y= xm. Hence, we are done.
Lemma 3.6 (Roberts and Sheng [16]). For any graph G=(V; E), let W1 and W2 be
subsets of V . Let r : W1 ∪W2→{1; 2} be a 2-role assignment with role graph R5
for both G(W1) and G(W2). If a vertex of W1 of role 1 is not adjacent to any vertex
of W2 of role 1, then r is a 2-role assignment of G(W1 ∪W2) with role
graph R5.
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Proof. Let x and y be two vertices of W1 ∪W2 with r(x)= r(y)= 1. If x∈W1 and
y∈W2, xy =∈E by the condition; if x and y are both in Wi for some i=1 or 2, xy =∈E
since r is a 2-role assignment of G(Wi) with role graph R5. This ensures that 1N1 on
W1 ∪W2. Clearly 1F2 and 2F{1; 2} on W1 ∪W2. It follows that r is a 2-role assignment
of G(W1 ∪W2) with role graph R5.
Lemma 3.7. Let G=(V; E) be an indi!erence graph with = [a1; a2; : : : ; an] a com-
patible vertex ordering on G. Let i1; j1 ∈ [1; n] be such that j1¿i1. Let r1; r2 be
2-role assignments with role graphs R5 on G(A[1; i1]); G(A[ j1 ; n]) respectively, with
r1(ai1 ) = r2(aj1 ) = 2. If aiai1+1 =∈E for any i∈ [1; i1−1] with r1(ai)= 1, then G(A[1; i1] ∪
A[ j1 ; n]) has a 2-role assignment r with role graph R5 such that r restricted to A[1; i1]
and A[ j1 ; n], is r1 and r2, respectively.
Proof. Let W1 =A[1; i1], W2 =A[ j1 ; n] and let r : W1 ∪W2→{1; 2} be such that r|W1 = r1
and r|W2 = r2. Notice that this r is well de0ned because if W1 ∩W2 = ∅ then i1 = j1 and
so r1|W1∩W2 = r2|W1∩W2 since r1(ai1 ) = r2(aj1 ) = 2. If u∈W1; v∈W2 with r(u)= r(v)= 1,
then u = ai1 , v = aj1 and so, u= ai for some i∈ [1; i1−1] and v= aj for some j∈ [j1 +
1; n]. Since i6i1− 1¡i1 + 16j1 + 16j, uv= aiaj =∈E since aiai1+1 =∈E and since  is
a compatible ordering. Using Lemma 3.6, we know that r is a 2-role assignment with
role graph R5 on G(W1 ∪W2).
Lemma 3.8. Let G=(V; E) be an indi!erence graph with = [a1; a2; : : : ; an] a compat-
ible vertex ordering on G. Let i1; j1 ∈ [1; n] be such that j1¿i1 +1 and G(A[i1 ; j1]) is a
simple path. Let r1; r2 be 2-role assignments with role graph R5 on G(A[1; i1]); G(A[ j1 ; n])
respectively, with r1(ai1 ) = r2(aj1 ) = 2. Suppose that
• aiai1+1 =∈E for any i∈ [1; i1 − 1] with r1(ai)= 1 and
• aj1−1aj =∈E for any j∈ [j1 + 1; n] with r2(aj)= 1.
Then G has a 2-role assignment r with role graph R5 such that r restricted to A[1; i1]
and A[ j1 ; n], is r1 and r2, respectively.
Proof. Let S =A[i1+1; j1−1]; x= ai1 and y= aj1 . Then x; y∈V − S, and G(S ∪{x; y}) is
a simple path. By Lemma 3.7, G(V −S)=G(A[1; i1] ∪A[ j1 ; n]) has a 2-role assignment r
with role graph R5 and r(x)= r(y)= 2. Let u∈V − S with r(u)= 1. If u∈A[1; i1], then
u= ai for some i∈ [1; i1 − 1], and since aiai1+1 =∈E, we know that u is not adjacent to
any vertex of S. The proof is similar if u∈A[ j1 ; n]. It follows from Lemma 3.4, that G
is 2-role assignable with role graph R5.
Lemma 3.9. Let G=(V; E) be a connected indi!erence graph with no pendant vertex,
and let = [a1; a2; : : : ; an] be a compatible vertex ordering on G. Let al be the last
vertex adjacent to a1 and let au be the 5rst vertex adjacent to an. If i0 ∈ [1; l − 1]
and j0 ∈ [u+1; n] are such that ai0aj0 =∈E, then G has a 2-role assignment r with role
graph R5 and r(ai0 ) = r(aj0 ) = 1.
Proof. Note that a1a3 ∈E since G is an indi6erence graph and deg(a1)¿2, so l¿3
and A[1; l] is a clique of l¿3 vertices. Similarly, u6n − 2 and A[u; n] is a clique of
n−u+1¿3 vertices. Notice also n¿3. Now if u6l+1, assign r(ai0 ) = r(aj0 ) = 1 and
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r(x)= 2 for any other vertex x. Since ai0aj0 =∈E, it is easy to check that this assignment
r is a 2-role assignment of G with role graph R5.
Thus, we can assume that u¿l+1. We will proceed by induction on n. The lemma
is true for n66, because l¿3 and u6n− 2, n66 implies that u6l+ 1. Assume the
lemma is true if G has n− 1 or less vertices, and consider now G with n¿7 vertices.
If i0 =1 and ai0ai0+2 ∈E, then G(A[i0 ; n]) is a connected indi6erence graph with n−1 or
less vertices and no pendant vertex, so by induction hypothesis we know that G(A[i0 ; n])
has a 2-role assignment r with role graph R5 and r(ai0 ) = r(aj0 ) = 1. If we let r(ai)= 2
for all i∈ [1; i0−1], it is easy to see that r is a 2-role assignment of G with role graph
R5. So, we will assume that i0 = 1 or ai0ai0+2 =∈E. Since i0¡i0 + 26l + 1 and since
 is a compatible ordering, ai0ai0+2 =∈E implies ai0al+1 =∈E. So, we will always have
that ai0al+1 =∈E no matter whether i0 = 1 or not. Similarly, we will assume that j0 = n
or aj0aj0−2 =∈E, and conclude that aj0au−1 =∈E no matter whether j0 = n or not.
Let r1(ai0 ) = 1, and let r1(ai)= 2 for all other i∈ [1; l]. Then since G(A[1; l]) is a
clique of l¿3 vertices, it is easy to see that r1 is a 2-role assignment of G(A[1; l]) with
role graph R5 and r1(al)= 2. Moreover, for any i∈ [1; l− 1] with r1(ai)= 1, we have
aial+1 =∈E since i= i0 and ai0al+1 =∈E.
If G(A[l; u]) is a simple path, let r2(aj0 ) = 1, and let r2(aj)= 2 for all other j∈ [u; n].
Then since G(A[u; n]) is a clique of three or more vertices, it is easy to see that r2
is a 2-role assignment of G(A[u; n]) with role graph R5 and r2(au)= 2. Moreover, for
any j∈ [u + 1; n] with r(aj)= 1, we have ajau−1 =∈E since j= j0 and aj0au−1 =∈E. It
follows from Lemma 3.8, with i1 = l, j1 = u, that G has a 2-role assignment r with role
graph R5 such that r restricted to A[1; i1] and A[ j1 ; n], is r1 and r2, respectively. Therefore
r(ai0 ) = r1(ai0 ) = 1 and r(aj0 ) = r2(aj0 ) = 1.
Assume now that G(A[l; u]) is not a simple path. Let t be the 0rst number in [l; u−2]
such that atat+2 ∈E. (Such a number t exists for otherwise we would have that G(A[l; u])
is a simple path). Notice that G(A[t; n]) is a connected indi6erence graph with no pendant
vertex and with n− t+16n− l+16n− 2 vertices, and t+1∈ [t; l′− 1] where al′ is
the last vertex adjacent to at . Notice also at+1aj0 =∈E since t+16u−1¡u+16j0 and
au−1aj0 =∈E. By induction hypothesis, G(A[t; n]) has a 2-role assignment r2 with role
graph R5 and r2(at+1)= r2(aj0 ) = 1, and so r2(at)= 2.
Now, we have the following two cases.
Case 1: If t6l + 1, then G(A[1; l] ∪A[t; n]) =G(V )=G. So we are done by using
Lemma 3.7 with i1 = l, j1 = t.
Case 2: If t¿1 + 1, then at is a cut vertex and so ajat−1 =∈E for any j∈ [t + 1; n]
(no matter whether r2(aj)= 1 or not). Notice that G(A[l; t]) is a simple path. It follows
from Lemma 3.8, with i1 = l, j1 = t, that G has a 2-role assignment r with role graph
R5 such that r restricted to A[1; i1] and A[ j1 ; n], is r1 and r2, respectively. Therefore
r(ai0 ) = r1(ai0 ) = 1 and r(aj0 ) = r2(aj0 ) = 1.
Theorem 3.10. Let G=(V; E) be a connected indi!erence graph with no pendant
vertex, and let = [a1; a2; : : : ; an] be a compatible vertex ordering on G. Let al be
the last vertex adjacent to a1 and au be the 5rst vertex adjacent to an.
(1) G has a 2-role assignment r with role graph R5 with r(a1)= r(an)= 1 if and only
if a1an =∈E.
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(2) G has a 2-role assignment r with role graph R5 with r(a1)= 2; r(an)= 1 if and
only if a1an ∈E or a2an =∈E.
(3) G has a 2-role assignment r with role graph R5 with r(a1)= 1; r(an)= 2 if
and only if a1an ∈E or a1an−1 =∈E.
(4) G has a 2-role assignment r with role graph R5 with r(a1)= r(an)= 2 if and
only if u6l or a2an−1 =∈E.
Proof. By symmetry, we just need to show (1), (2), and (4).
(1) If a1an =∈E, then G has a 2-role assignment r with role graph R5 and r(a1)= r(an)
= 1 by Lemma 3.9. Conversely, if G has a 2-role assignment r with role graph R5 and
r(a1)= r(an)= 1, then a1an =∈E by 1N1.
(2) If a1an ∈E or a2an =∈E, then G has a 2-role assignment r with role graph R5 and
r(a1)= 2; r(an)= 1. For when a1an ∈E, we can simply let r(an)= 1; r(ai)= 2 for all
i∈ [1; n−1], and when a2an =∈E, by Lemma 3.9, we can let r be a 2-role assignment of
G with role graph R5 and r(an)= r(a2)= 1, which implies that r(a1)= 2. Conversely,
assume G has a 2-role assignment r with role graph R5 and r(a1)= 2; r(an)= 1. If
a2an ∈E, then V −{a1} forms a clique and so an is the only vertex in V −{a1} with
role 1. By 2F1 on a1, we must have a1an ∈E.
(4) If u6l or a2an−1 =∈E, then G has a 2-role assignment r with role graph R5
and r(a1)= r(an)= 2. For when u6l, we can simply let r(au)= 1; r(ai)= 2 for all
i = u. When a2an−1 =∈E, by Lemma 3.9, we can let r be a 2-role assignment of G
with role graph R5 and r(a2)= r(an−1)= 1, which implies that r(a1)= r(an)= 2. Con-
versely, if G has a 2-role assignment r with role graph R5 with r(a1)= r(an)= 2,
then a1ai ∈E; anaj ∈E for some i∈ [2; l] and j∈ [u; n − 1] with r(ai)= r(aj)= 1. If
l¡u and a2an−1 ∈E, then 26i6l¡u6j6n − 1. Therefore, since  is a compatible
ordering, we have aiaj ∈E and so 1N1 is contradicted.
Lemma 3.11. Let G=(V; E) be a connected indi!erence graph with n¿3 vertices
and two or more pendant vertices, and assume that G is not a simple path. Let
= [x1; x2; : : : ; xn] be a compatible ordering of G and let s; t − 2∈ [1; n] be the 5rst
and last i∈ [1; n], respectively, so that xixi+2 ∈E. Let r1 : X[1; s] ∪X[t; n]→{1; 2} be such
that r1(x1)= r1(xn)= 1, with the roles for (x1; x2; : : : ; xs) and (xn; xn−1; : : : ; xt) following
the pattern of 1221221 : : : .
(1) If G has a 2-role assignment r with role graph R5, then r restricted to x∈X[1; s] ∪
X[t; n] is r1.
(2) If G(X[s; t]) has a 2-role assignment r of R5 with r(xs)= r1(xs) and r(xt)= r1(xt),
then r can be extended to be a 2-role assignment of G with role graph R5.
Proof. Note that by Lemma 3.1, the fact that G has two or more pendant vertices
implies that G has exactly two pendant vertices, and they are x1 and xn. Note also that
G(X[1; s]) and G(X[t; n]) are both simple paths and that xi−1 and xi+1 are the only two
vertices adjacent to xi in G for all i∈ [2; s − 1]∪ [t + 1; n − 1]. It is easy to see that
(1) is true.
To prove (2), assume now that G(X[s; t]) has a 2-role assignment r of R5 with
r(xs)= r1(xs) and r(xt)= r1(xt), and let r(xi)= r1(xi) for all i∈ [1; s]∪ [t; n]. Note that
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r : V →{1; 2} is well de0ned because r(xs)= r1(xs) and r(xt)= r1(xt). Let s0 be the last
i∈ [1; s] with s0− 1≡ 0 (mod 3), and let t0 be the 0rst j∈ [t; n] with n− t≡ 0 (mod 3).
Then r(xs0 ) = r(xt0 ) = 1 and s0 = s − 2, or s − 1, or s, t0 = t, or t + 1, or t + 2. Let
W1 =X[1; s0] ∪X[t0 ; n] and W2 =X[s0 ; t0] =X[s0 ; s] ∪X[s; t] ∪X[t; t0], and notice that r is a 2-role
assignment with role graph R5 for both G(W1) and G(X[s; t]). It is routine to check case
by case that r is also a 2-role assignment with role graph R5 for G(W2), and 1N1 is
satis0ed between W1 and W2. So, by Lemma 3.6, we are done.
Theorem 3.12. Let G=(V; E) be a connected indi!erence graph with n¿3 vertices
and two or more pendant vertices, and assume that G is not a simple path. (Simple
paths are 2-role assignable since they are bipartite.) Let = [x1; x2; : : : ; xn] be a com-
patible ordering of G and, let s; t − 2∈ [1; n] be the 5rst and last i∈ [1; n] such that
xixi+2 ∈E.
(1) If s−1≡ 0 (mod 3) and n− t≡ 0 (mod 3), G is 2-role assignable (with role graph
R5) if and only if xsxt =∈E.
(2) If s−1≡ 2 (mod 3) and n− t≡ 0 (mod 3), G is 2-role assignable (with role graph
R5) if and only if xsxt ∈E or xs+1xt =∈E.
(3) If s−1≡ 0 (mod 3) and n− t≡ 2 (mod 3), G is 2-role assignable (with role graph
R5) if and only if xsxt ∈E or xsxt−1 =∈E.
(4) If s−1≡ 2 (mod 3) and n−t≡ 2 (mod 3), and l∈ [s; t] is the last i so that xsxi ∈E
and u∈ [s; t] is the 5rst i so that xixt ∈E, G is 2-role assignable (with role graph
R5) if and only if u6l or xs+1xt−1 =∈E.
(5) If s−1≡ 1 (mod 3) or n− t≡ 1 (mod 3), then G is always 2-role assignable (with
role graph R5).
Proof. By Theorem 3.3, G is 2-role assignable if and only if it is 2-role assignable
with role graph R5, which is the reason we put the parenthesis in the statement of
the theorem. Notice that t − s + 1¿3 for otherwise G will be a simple path. So
G(X[s; t]) is a connected indi6erence graph of t − s + 1¿3 vertices and no pendant
vertex. Let r1 : X[1; s] ∪X[t; n]→{1; 2} be such that r1(x1)= r1(xn)= 1, with the roles
for (x1; x2; : : : ; xs) and (xn; xn−1; : : : ; xt) following the pattern 1221221 : : : . By Lemma
3.11 (1), if G has a 2-role assignment r with role graph R5, then r(xi)= r1(xi) for all
i∈ [1; s]∪ [t; n].
(1) Note that s − 1≡ 0 (mod 3) and n − t≡ 0 (mod 3) implies that r1(xs)= r1(xt)= 1.
Assume 0rst that G has a 2-role assignment r with role graph R5. Then r(xs)= r(xt)
= 1 and so xsxt =∈E since 1N1. Conversely, assume xsxt =∈E. Then using Theorem
3.10 (1), we know that G(X[s; t]) has a 2-role assignment r with role graph R5 with
r(xs)= r(xt)= 1. It follows from Lemma 3.11 (2) that G is 2-role assignable with
role graph R5.
(2) Assume that G has a 2-role assignment r with role graph R5. Then r(xs)= 2; r(xt)
= 1 and xs must be adjacent to some vertex in X[s+1; t] with role 1. If xs+1xt ∈E,
then X[s+1; t] forms a clique and so xt is the only vertex in X[s+1; t] with role 1. This
implies xsxt ∈E. Conversely, assume xsxt ∈E or xs+1xt =∈E. Then by using Theorem
3.10 (2), we know that G(X[s; t]) has a 2-role assignment r with role graph R5 with
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r(xs)= 2; r(xt)= 1. It follows from Lemma 3.11 (2) that G is 2-role assignable
with role graph R5.
(3) The proof is similar to the proof for (2).
(4) Note that s − 1≡ 2 (mod 3) and n − t≡ 2 (mod 3) implies that r1(xs)= r1(xt)= 2.
Assume that G has a 2-role assignment r with role graph R5. Then r(xi)= r1(xi) for
all i∈ [1; s]∪ [t; n], and so r(xs)= r(xt)= 2, and xsxi ∈E; xtxj ∈E for some i∈ [s+
1; l], j∈ [u; t − 1] with r(xi)= r(xj)= 1. If l¡u and xs+1xt−1 ∈E, then X[s+1; t−1]
forms a clique, and xi; xj are two di6erent vertices in this clique. So, xixj ∈E and
1N1 is contradicted. Conversely, assume that G has either u6l or xs+1xt−1 =∈E.
Using Theorem 3.10 (4), we know that G(X[s; t]) has a 2-role assignment r with
role graph R5 with r(xs)= 2; r(xt)= 2. It follows from Lemma 3.11 (2) that G is
2-role assignable with role graph R5.
(5) By symmetry, we may assume s− 1≡ 1 (mod 3), and so r1(xs)= 2.
• If n− t≡ 0 (mod 3), then r1(xt)= 1 and so, using Theorem 3.10 (2) and Lemma
3.11 (2), we conclude that G is 2-role assignable with role graph R5 unless
asat =∈E and as+1at ∈E. In the latter case, it is routine to check that by letting
r1(xi)= 2 for all i∈ [s+1; t − 1], r1 is extended to be a 2-role assignment with
role graph R5 of G.
• If n − t≡ 1 or 2 (mod 3), then r1(xt)= 2 and so, using Theorem 3.10 (4) and
Lemma 3.11 (2), we conclude that G is 2-role assignable with role graph R5
unless l¡u, for l and u as de0ned in part (4), and as+1at−1 ∈E. In the latter
case, it is routine to check that by letting r1(xt−1)= 1 and r1(xi)= 2 for all
i∈ [s+ 1; t − 2], r1 is extended to be a 2-role assignment of G with role graph
R5.
4. Open problems
This paper leaves many open questions. One interesting problem in the study of role
assignments is to determine whether a given graph is k-role assignable. Virtually no
work has been done for the case when 3¡k¡|V (G)|.
Despite the fact that the problem of determining if a connected graph is 2-role
assignable is NP-complete, we are interested in characterizing or recognizing 2-role
assignable graphs, at least under certain assumptions about the graphs. For instance,
we have characterized the 2-role assignable indi6erence graphs. But we have not settled
the problem for triangulated graphs with two or more pendant vertices. Other classes of
graphs for which this problem is interesting are interval graphs and various generaliza-
tions of indi6erence graphs where mappings are into metric spaces other than the reals,
i.e., where in (2), we replace |f(x) − f(y)| by d(f(x); f(y)) for some appropriate
metric. The simplest case of the latter is the class of graphs where there is a mapping
into the plane satisfying (2), and d((a1; a2); (b1; b2))=max{|a1 − a2|; |b1 − b2|}. The
corresponding class of graphs is the class of graphs of cubicity 62 (see [10]).
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